Finite sets of operations sufficient to construct any fullerene from
  $C_{20}$ by Buchstaber, Victor M. & Erokhovets, Nikolay
ar
X
iv
:1
61
1.
05
29
8v
1 
 [m
ath
.C
O]
  1
6 N
ov
 20
16
Structural Chemistry manuscript No.
(will be inserted by the editor)
Finite sets of operations sufficient to construct any fullerene from C20
Victor M. Buchstaber · Nikolay Yu. Erokhovets
Received: date / Accepted: date
Abstract We study the well-known problem of combinato-
rial classification of fullerenes. By a (mathematical) fullerene
we mean a convex simple three dimensional polytope with
all facets pentagons and hexagons. We analyse approaches
of construction of arbitrary fullerene from the dodecahedron
(a fullerene C20). A growth operation is a combinatorial op-
eration that substitutes the patch with more facets and the
same boundary for the patch on the surface of a simple poly-
tope to produce a new simple polytope. It is known that
an infinite set of different growth operations transforming
fullerenes into fullerenes is needed to construct any fullerene
from the dodecahedron. We prove that if we allow a poly-
tope to contain one exceptional facet, which is a quadrangle
or a heptagon, then a finite set of growth operation is suffi-
cient. We analyze pairs of objects: a finite set of operations,
and a family of acceptable polytopes containing fullerenes
such that any polytope of the family can be obtained from
the dodecahedron by a sequence of operations from the cor-
responding set. We describe explicitly three such pairs. First
two pairs contain seven operations, and the last – eleven op-
erations. Each of these operations corresponds to a finite set
of growth operations and is a composition of edge- and two
edges-truncations.
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1 Preface
For any mathematical fullerene the Euler’s formula implies
that the number of pentagons is twelve. Nowadays the Eu-
ler formula and this consequence are known far beyond the
mathematics and the gratitude to Euler is expressed in the
Nobel lecture of one of the laureates for discovery of fullerenes.
The natural question arises: What other restrictions on phys-
ical fullerenes follow from the combinatorics of mathemat-
ical counterparts. One of these restrictions is a mathemati-
cal result that the number of hexagons can not be equal to
one. For centuries mathematics collected many characteris-
tics to study the combinatorics of convex bodies: edge graph,
Hamilton paths and cycles, belts of facets, regular color-
ings, perfect matchings (corresponding to Kekule´ structures
in chemistry), etc. Some of these notions found applica-
tions in the well-known problem: To obtain a fullerene with
given number of hexagons as a result of reconstruction of a
fullerene with less hexagons. In our article we present new
results in this direction.
Our study was inspired by the encouraging book E.A.
Lord, A.L. Mackay, S. Ranganathan. New Geometries for
New Materials. Cambridge University Press, 2006 [1]. We
submit this article to the Alan L Mackay special issue as a
sign of our deep respect to this outstanding scientist and with
the hope that our results will find applications in problems
of physics and chemistry of fullerenes.
2 Introduction
We will use notions and results of the polytope theory fol-
lowing [2,3].
Definition 1 By a (mathematical) fullerene we mean a sim-
ple convex 3-polytope with all facets pentagons and hexagons.
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Fig. 1 Endo-Kroto operation
Simple means that any vertex belongs to exactly three facets.
An IPR-fullerene is a fullerene without adjacent pentagons.
This is a mathematical model for a fullerene – a carbon
molecule synthesized in 1985 (Nobel prize 1996 in chem-
istry to Robert Curl, Harold Kroto, and Richard Smalley [4,
5,6]). Since discovery of fullerenes they were studied exten-
sively from the mathematical point of view. As mentioned
above the Euler formula implies that any fullerene contains
exactly p5 = 12 pentagons, while it is not hard to prove that
the number p6 of hexagons can be arbitrary nonnegative in-
teger except for one. There is only one combinatorial type of
fullerenes with p6 = 0 (the dodecahedron C20), while from
the work by W. Thurston [7] it follows that for large val-
ues of p6 the number of combinatorial types of fullerenes
growth like p96. There are effective algorhythms of combi-
natorial enumeration of fullerenes on supercomputers by G.
Brinkmann and A. Dress [8] and later to G. Brinkmann, J.
Goedgebeur, and B.D. McKay [9]. For example, for p6 = 75
there are 46088157 combinatorial types of fullerenes (see
[10]). Thus, the important problem is to define and study
different structures and operations on the set of all combi-
natorial types of fullerenes. The well-known problem [9,11,
12,13,14,15,16] is to find a simple set of operations suffi-
cient to construct arbitrary fullerene from the dodecahedron
C20.
Definition 2 A patch is a disk bounded by a simple edge-
cycle on the boundary of a simple 3-polytope. Any patch is
topologically a disk and the complement to a patch is also
a disk. A growth operation is a combinatorial operation that
gives a new 3-polytope Q from a simple 3-polytope P by
substituting a new patch with the same boundary and more
facets for the patch on the boundary of P.
The Endo-Kroto operation [17] (Fig. 1) is the simplest
example of a growth operation that transforms a fullerene
into a fullerene. It increases p6 by one. It was proved in [15]
that there is no finite set of growth operations transform-
ing fullerenes into fullerenes sufficient to construct arbitrary
fullerene from the dodecahedron. In [12] the example of an
infinite set was found.
We construct finite sets of growth operations and corre-
sponding families of simple 3-polytopes extending the set
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Fig. 2 (s,k)-truncation
of fullerenes such that any polytope of the family can be
combinatorially constructed from the dodecahedron by a se-
quence of these operations and all intermediate polytopes
belong to the family. The less polytopes the extended fam-
ily contains the more operations we need. All of the opera-
tions we construct are composition of edge- and two edges-
truncations, see Definition 3.
3 Main tools
3.1 (s,k)-truncations
Definition 3 Let F be a k-gonal facet of a simple 3-polytope.
Choose s consequent edges of F , rotate the supporting hy-
perplane of F around the axis passing through the midpoints
of adjacent two edges (one on each side), and take the cor-
responding hyperplane truncation (see Fig. 2).
We call this operation an (s,k)-truncation. If the facets
intersecting F by the edges adjacent to truncated sequence
of edges are m1- and m2-gons, then we also call the opera-
tion an (s,k;m1,m2)-truncation. The reflexion of the space
R
3 changes m1- and m2-gons, so we will not distinguish be-
tween (s,k;m1,m2)- and (s,k;m2,m1)-truncations. For s = 1
the truncated edge belongs to two facets, so we denote these
operation simply as (1;m1,m2)-truncation.
Example 1 1. A vertex-truncation is a (0,k)-truncation.
2. An edge-truncation is a (1,k)-truncation.
3. The Endo-Kroto operation is a (2,6)-truncation.
4. (2,6)-truncation is the only (s,k)-truncation that trans-
forms a fullerene to a fullerene.
Remark 1 For s= 0 and s= k−2 we have the vertex-truncation,
which can be considered as the substitution of the corre-
sponding patch for the three facets containing the vertex;
hence it is a growth operation. Let 0 < s < k− 2 and the
m1-gon and the m2-gon do not intersect. Then the union of
a k-gon and these facets form a patch, and after the (s,k)-
truncation we have the new patch with combinatorially the
same boundary (see Fig. 3 on the left). Thus we have a
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Fig. 3 (s,k)-truncation as a growth operation
growth operation, which we denote by the scheme on Fig.
3 on the right.
For s = 1 as mentioned above the edge-truncation can
be considered as a (1,k)-truncation and a (1,k′)-truncation
for two facets containing the truncated edge. This gives two
different patches, which differ by one facet.
Theorem 1 (see [18,19]) A 3-polytope is simple if and only
if it is combinatorially equivalent to a polytope obtained
from the tetrahedron by a sequence of vertex-, edge- and
(2,k)-truncations.
This result was used in works of famous crystallographer
E.S. Fedorov.
3.2 k-belts and flag polytopes
We will denote the combinatorial equivalence of polytopes
P and Q by P≃Q. The polytope combinatorially equivalent
to the tetrahedron we call simplex and denote ∆ 3.
Definition 4 A cyclic sequence of k facets (Fi1 , . . . ,Fik), Fik+1 =
Fi1 , is called a k-belt if Fi1 ∩ . . .∩Fik =∅, and Fip ∩Fiq 6=∅
if and only if p− q =±1 mod k.
A simple 3-polytope is called flag, if it is not a simplex
and has no 3-belts. Equivalently, any set of pairwise adjacent
facets has nonempty intersection.
It is easy to prove that if P is a flag 3-polytope, then the
(s,k)-truncation transforms it to a flag polytope if and only
if 0 < s < k− 2.
For the structure of k-belts on simple 3-polytopes with
at most hexagonal facets see [20]. Related results on cyclic
k-edge cuts see in [21,22,23,24,25].
In [26] the analog of Theorem 1 for flag polytopes was
proved.
Theorem 2 A simple 3-polytope is flag if and only if it is
combinatorially equivalent to a polytope obtained from the
cube by a sequence of edge- and (2,k)-truncations, k ≥ 6.
For us this result is important, since any fullerene is a
flag polytope. This follows from [21]. We will also need a
more general result.
Theorem 3 ([27,28]) Let P be simple 3-polytope with p3 =
0, p4 ≤ 2, p7 ≤ 1, and pk = 0, k ≥ 8. Then it has no 3-belts.
In particular, it is a flag polytope.
Also we will need the following results. In the case of fullerenes
it follows from [22].
Theorem 4 ([27,28]) Let P be a simple polytope with all
facets pentagons and hexagons with at most one exceptional
facet F being a quadrangle or a heptagon.
1. If P has no quadrangles, then P has no 4-belts.
2. If P has a quadrangle F, then there is exactly one 4-belt.
It surrounds F.
Our main Theorems 6, 9 and 10 imply the following result.
Theorem 5 Any fullerene can be obtained from the dodeca-
hedron by a sequence of p6 edge- and only (2,6)- and (2,7)-
truncations.
3.3 Straightening along an edge
It is important that in some cases there is an operation in-
verse to the (s,k)-truncation.
Definition 5 For some edges Fp∩Fq of a simple 3-polytope
P there is an operation of straightening along the edge (see
Fig. 4).
Fp Fq
Fig. 4 Straightening along the edge
We will need the following result.
Lemma 1 ([26,28]) For P ≃ ∆ 3 no straightening opera-
tions are defined. Let P 6≃ ∆ 3 be a simple polytope. For an
edge Fi ∩Fj the operation of straightening is defined if and
only if there is no 3-belt (Fi,Fj,Fk) for some Fk.
Remark 2 We see that (s,k)-truncation is a combinatorial
operation and is always defined. It is easy to show that the
straightening along the edge is a combinatorially inverse op-
eration. Lemma 1 gives the criterion when it is defined.
Corollary 1 A polytope P is flag if and only if straightening
along any its edge is defined.
Theorem 3 implies the following result.
Corollary 2 Let P be a fullerene, or more generally, a sim-
ple polytope with p3 = 0, p4 ≤ 2, p7 ≤ 1, and pk = 0 for
k ≥ 8. Then straightening is defined along any edge.
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a) b)
Fig. 5 Fragments on a polytope in F1
In fact we will need a special case that the straightenings we
use are defined. This can be also proved using the following
remarkable result.
Lemma 2 ([29], Case 2 in Subsection 2.5) Let the sphere
S2 be glued edge-to-edge from pentagons, hexagons, and
one k-gon with 3 6 k 6 7, such that the obtained graph is
3-valent. Then this partition is combinatorially equivalent
to the boundary of a simple 3-polytope.
Corollary 3 If a straightening along the edge of a simple 3-
polytope with all facets pentagons, hexagons and one facet
quadrangle or a heptagon gives a simple partition of the
sphere S2 with the same properties, then the straightening is
well-defined.
4 Construction of fullerenes by truncations
4.1 Seven truncations
Definition 6 Let F−1 be the set of combinatorial simple 3-
polytopes with all facets pentagons and hexagons except for
one facet quadrangle. The Euler formula implies that any
polytope in F−1 has p5 = 10.
Let F be the set of all fullerenes, and F IPR be the set
of all IPR-fullerenes.
Let F1 be the set of simple 3-polytopes with all facets
pentagons and hexagons except for one facet heptagon adja-
cent to a pentagon such that either there are two pentagons
with the common edge intersecting the heptagon and a hexagon
(Fig. 5a), or for any two adjacent pentagons exactly one of
them is adjacent to the heptagon (Fig. 5b). Any polytope in
F1 has p5 = 13. Let F IPR1 be the set of polytopes in F1
without adjacent pentagons. Set Fs = F−1⊔F ⊔F1.
Theorem 6 ([27,28]) Any polytope in Fs can be obtained
from the dodecahedron by a sequence of p6+2p7− p4 trun-
cations: (1;4,5)-, (1;5,5)-, (2,6;4,5)-, (2,6;5,5)-,
(2,6;5,6)-, (2,7;5,5)-, and (2,7;5,6)-, in such a way that
intermediate polytopes belong to Fs. Moreover (see Fig. 6),
1. any polytope in F−1 can be obtained by a (1;5,5)- or
(1;4,5)-truncation from a polytope in F or F−1 respec-
tively;
2. any polytope in F1 can be obtained by a (2,6;5,6)- or
(2,7;5,6)-truncation from a polytope in F or F1 re-
spectively;
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Fig. 6 Scheme of the truncation operations
Fig. 7 Polytope not in F1 that can not be obtained as a result of our
seven truncations
3. polytope in F can be obtained by a (2,6;5,5)-,
(2,6;4,5)-, or (2,7;5,5)-truncation from a polytope in
F , F−1 or F1 respectively.
Remark 3 Fig. 7 together with Lemma 2 shows a simple
polytope P /∈ F1 with all facets pentagons, hexagons, and
only one heptagon, which is adjacent to a pentagon. This
polytope can not be obtained by the above seven truncations
from a polytope Q in the same class. Indeed,
(1;4,5)-, (1;5,5)-, and (2,6;4,5)-truncation are not allowed,
since P has no quadrangles, and Q can not contain a quad-
rangle and a heptagon simultaneously. Q should be obtained
from P by a straightening along some edge. This edge can
belong either to two pentagons, or to a hexagon and a pen-
tagon. Common edge of two pentagons in P either intersects
two pentagons, or a pentagon and a hexagon, or a pentagon
and the heptagon. This corresponds to (2,6;4,4)-,
(2,6;4,5)-, or (2,6;4,6)-truncations; hence (2,6;5,5)- and
(2,6;5,6)-truncations are not allowed. Common edge of a
pentagon and a hexagon in P either intersects two pentagons,
or a pentagon and a hexagon, or two hexagons, or a pentagon
and the heptagon. This corresponds to (2,7;4,4)-,
(2,7;4,5)-, (2,7;5,5)-, or (2,7;5,7)-truncations, hence
(2,7;5,6)-truncation is also not allowed. In the case of
(2,7;5,5)-truncation Q contains two heptagons; hence this
operation is also not allowed.
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Fig. 8 Construction of the first family of fullerenes
Fig. 9 Insertion of a belt as a sequence of truncations
4.2 Getting rid of quadrangles
It turns out that in Theorem 6 we can get rid of quadrangles.
Two families of fullerenes
Definition 7 1. Take the dodecahedral cap C1, drawn on
Fig. 8a).
2. Add a 5-belt of hexagons around the patch (Fig. 8b). The
boundary of the new patch is combinatorially the same.
3. After k steps add the same cap again to obtain a fullerene
D5k (The case k = 2 see on Fig. 8c).
Fullerenes D5k for k > 1 are known as (5,0)-nanotubes.
The insertion of a belt can be realized as a sequence of
(1;4,5)-, (1;5,5)-, and (2,6;4,5)-truncations, see Fig. 9
Proposition 1 ([26,28]) A fullerene is combinatorially equiv-
alent to D5k for k > 0 if and only if it contains the cap C1.
The significance of the family D5k is described by the
following theorem, which follows directly from [23] or [24].
Theorem 7 ([27,28]) Let P be a fullerene. Then the follow-
ing statements hold.
I. Any pentagonal facet is surrounded by a 5-belt. There are
12 belts of this type.
II. If there is a 5-belt not surrounding a pentagon, then
1. it consists only of hexagons;
2. the fullerene is combinatorially equivalent to the poly-
tope D5k, k > 1.
3. the number of 5-belts is 12+ k.
a) b)
 d
Fig. 10 Construction of the second family of fullerenes
Fig. 11 Addition of three hexagons as a sequence of truncations
Definition 8 1. Take the dodecahedral cap C2 drawn on
Fig. 10 a).
2. Add 3 hexagons adjacent to facets with single edge on
the boundary (Fig. 10 b). The boundary of the patch re-
mains combinatorially the same.
3. After k steps (k = 2 see on Fig. 10 c) add the same cap
again to obtain a fullerene F3k (The case k = 5 see on
Fig. 10 d).
Fullerenes F3k for k> 2 are also known as (3,3)-nanotubes.
The addition of three hexagons can be realized as a se-
quence of (1;4,5)-, (1;5,5)-, and (2,6;4,5)-truncations, see
Fig. 11
Theorem 8 ([26]) A fullerene is combinatorially equivalent
to F3k for k > 0 if and only if it contains the cap C2.
Proof First introduce some notions.
Definition 9 Let P be a simple polytope. A k-loop is a cyclic
sequence (Fi1 , . . . ,Fik), Fik+1 = Fi1 , of facets, such that Fi1 ∩
Fi2 , . . ., Fik−1 ∩Fik , Fik ∩Fi1 are edges. A k-loop is called sim-
ple, if its facets are pairwise different. A simple edge-cycle
γ borders a k-loop L if L is the set of facets that appears
when we walk along γ in one of the two connected com-
ponents of (∂P) \ γ . We say that an l1-loop L1 borders an
l2-loop L2 (along γ), if they border the same edge-cycle γ .
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Fig. 12 Fragments on the fullerene
Lemma 3 Let P be a fullerene, and a 6-loop
L1 = (Fp,Ft ,Fq,Fu,Fv,Fw) border a simple 6-loop L2 =
(Fi,Fj,Fk,Fl ,Fr,Fs) with (1,3,1,3,1,3) edges on the bound-
ary, as drawn on Fig. 12 a). Then L1 is simple and either
forms the fragment on Fig. 12 b), or Fp,Fq,Fv are hexagons
and the 6-loop L3 = (Fj,Fq,Fl ,Fv,Fs,Fp) is simple and has
(1,3,1,3,1,3) edges on the boundary component intersect-
ing Ft .
Proof Let L1 and L2 border the same simple edge-cycle γ .
We have Fp 6= Fq, since they intersect Fj by different
edges. Also Fp ∩Fq = ∅, else Fp ∩Fq ∩Fj is a vertex and
Fj has only 2 edges in γ , but not 3. Similarly Fp∩Fv = ∅.
Then Fp 6= Fu, else Fp ∩Fq 6= ∅. We have Ft 6= Fu, else Fq
is a quadrangle. By the symmetry we obtain that the 6-loop
L1 is simple and Fp∩Fq = Fq∩Fv = Fv∩Fq =∅.
Let Ft ∩Fw 6=∅. Then Fp∩Ft ∩Fw is a vertex and Fp is a
pentagon. We have a simple 5-loop L5 = (Ft ,Fq,Fu,Fv,Fw).
It is not a 5-belt, else by Theorem 7 it should either surround
a pentagon, and in this case Fu is a quadrangle, or consist
of hexagons and have (2,2,2,2,2) edges on each bound-
ary component. But Fu has a single edge on the boundary
component. We have Ft ∩Fv 6= ∅, else Ft ∩Fw ∩Fv is a ver-
tex and Fw is a quadrangle. Similarly Fq∩Fw = ∅. Also re-
call that Fq∩Fv =∅. Then either Ft ∩Fu 6= ∅, or Fu∩Fw 6=
∅. In the first case (Ft ,Fu,Fv,Fw) is a simple 4-loop with
Ft ∩Fv = ∅. Since P has no 4-belts we have Fu ∩Fw 6= ∅.
Then Fu∩Fw∩Fv, Fu∩Fw∩Ft , and Ft ∩Fu∩Fq are vertices
and we obtain Fig. 12 b). In the second case we obtain the
same picture by the symmetry.
If Ft ∩Fw =∅, then Fp is a hexagon.
By the symmetry considering the facets Fq and Fv we ob-
tain that either all of them are pentagons, and we obtain Fig.
12b), or all of them are hexagons, and we obtain Fig. 12c).
Since Fp∩Fq = Fq∩Fv = Fv∩Fw =∅, the boundary compo-
nent of L3 intersecting Ft is a simple edge-cycle. Since both
sets {Fj,Fl ,Fs} and {Fq,Fv,Fp} consist of pairwise differ-
ent facets and these sets belong to different connected com-
ponents with respect to γ , the 6-loop L3 is simple. It has
(1,3,1,3,1,3) edges on the boundary component intersect-
ing Ft . ⊓⊔
Let P contain the fragment on Fig. 12b). Consider the 6-loop
L =(Fp,Ft ,Fq,Fu,Fv,Fw). The facets L \{Fv} are pairwise
different, since four of them surround the fifth. The same is
for L \ {Fp} and L \ {Fq}. Any two facets of L belong to
one of these sets, therefore L is a simple loop. Fp∩Fq =∅,
else Fp∩Fq∩Ft is a vertex and Ft is a quadrangle. Similarly
Fq∩Fv = Fv∩Fp =∅. Then ∂L is a simple edge-cycle, and
L has (1,3,1,3,1,3) edges on it. Applying Lemma 3 to L
we obtain the proof of the theorem. ⊓⊔
Remark 4 We also have proved that any fragment of the
form C2 is bounded by a simple edge-cycle, hence is a patch.
Construction of fullerenes without quadrangles on the steps
Theorem 9 Any polytope in F ⊔F1 can be combinatori-
ally obtained from the dodecahedron by operations A1 – A7
(see Fig. 13) such that all intermediate polytopes belong to
F ⊔F1. Moreover,
1. any polytope in F \F IPR can be obtained from a poly-
tope in F by one of operations A1 – A4;
2. any polytope in F IPR can be obtained from a polytope
in F1 by operation A6;
3. any polytope in F1 can be obtained by operations A5 or
A7 from a polytope in F or F1 respectively;
4. operations A1 – A3 are compositions of (1;4,5)-,
(1;5,5)-, and (2,6;4,5)-truncations;
5. operations A4, A5, A6, A7 are (2,6;5,5)-, (2,6;5,6)-,
(2,7;5,5)-, and (2,7;5,6)-truncations respectively.
Proof We will need the following result.
Lemma 4 If a fullerene P has two adjacent pentagons, then
either it contains patch C1, or patch C2, or one of the patches
drawn on Fig. 14.
Proof Since any fullerene has no 3- and 4-belts, any frag-
ment on a fullerene of the form C1, C2, P1, or P2 is bounded
by a simple edge-cycle; hence it is a patch.
By assumption P contains two adjacent pentagons Fi and
Fj. Consider the facets Fk, Fl such that Fi∩Fj ∩Fk and Fi∩
Fj ∩Fl are vertices. If both facets Fk, Fl are hexagons, then
P contains the fragment P1. Else one of them is a pentagon.
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A1 A2 A3
A4 A5 A6 A7
Fig. 13 Seven operations sufficient to construct any polytope in F ⊔
F1 from the dodecahedron. Dotted lines correspond to edges on the
resulting polytope
a) b)
Fig. 14 a) Patch P1; b) Patch P2
Without loss of generality let it be Fk. We obtain three pen-
tagons with a common vertex, as drawn on Fig. 15 a).
If Fp, Fq, Fl are pentagons, we obtain the fragment C2.
Let two of them, say Fp and Fq, be hexagons. Then ei-
ther Fu is a pentagon and we obtain the fragment P1, or Fu
is a hexagon, and we obtain Fig. 15 b). If Fv, Fl , or Fw is a
hexagon, we obtain the fragment P2. If all of them are pen-
tagons, we obtain the fragment C2.
Now let one of the facets Fp, Fq, Fl , say Fl , be a hexagon,
and two others – pentagons, as drawn on Fig. 15 c). Then
either Fu is a hexagon and we obtain the fragment P2, or it is
a pentagon and we obtain the fragment C1. ⊓⊔
If a fullerene P has two adjacent pentagons, then by Lemma
4 it contains one of the patches C1, C2, P1 or P2. If P contains
patch C1 or C2, then by Proposition 1 or Theorem 8 it is con-
tained in the family D5k or F3k respectively, hence can be ob-
tained from the dodecahedron by operations A1 or A2. Fig. 9
Fl
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Fig. 15 Fragments on a fullerene with adjacent pentagons
Fig. 16 Decomposition of operation A3 into truncations
and Fig. 11 show how operations A1 and A2 are decomposed
into (1;4,5)-, (1;5,5)-, and (2,6;4,5)-truncations.
If P contains patch P1, then by Corollary 2 P is obtained
from some other fullerene Q by operation A4, which is a
(2,6;5,5)-truncation.
Fig. 16 shows how operation A3 decomposes into (1;5,5)-
and (2,6;4,5)-truncations. If P contains patch P2, then ap-
plying the corresponding inverse operations by Corollary 2
we see that the fullerene is obtained from some other fullerene
by operation A3.
If a fullerene P has no adjacent pentagons, then the proof
of Theorem 9.12 in [28] implies that P is obtained from
a polytope in F1 by operation A6, which is a (2;7;5,5)-
truncation.
Theorem 6 implies that any polytope in F1 can be ob-
tained by operations A5 and A7, from a fullerene or a poly-
tope in F1 respectively. Here A5 is a (2,6;5,6)-truncation,
and A7 is a (2,7;5,6)-truncation. ⊓⊔
4.3 Singular IPR-fullerenes
Theorem 10 Any polytope in F ⊔F IPR1 can be combina-
torially obtained from the dodecahedron by operations A1 –
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B1 B2 B3 B4 B5
A1 A2 A3 A4 A6 A7
Fig. 17 Eleven operations sufficient to construct any polytope in F ⊔
F IPR1 from the dodecahedron. Dotted lines correspond to edges of the
resulting polytope
a) b) c)
Fig. 18 a) A patch on the fullerene; b)–c) it’s reductions
A4, A6, A7, B1 – B5 (Fig. 17) in such a way that all interme-
diate polytopes belong to F ⊔F IPR1 . Moreover,
1. any polytope in F \F IPR can be obtained from a poly-
tope in F by one of operations A1 – A4;
2. any polytope in F IPR can be obtained by operations B1
or B3 from a polytope in F , or by operation A6 from a
polytope in F IPR1 ;
3. any polytope in F IPR1 can be obtained by operations B2,
B4, or B5 from a polytope in F , or by operation A7 from
a polytope in F IPR1 ;
4. operations A1 – A3 are compositions of (1;4,5)-,
(1;5,5)-, and (2,6;4,5)-truncations;
5. operations A4, A6, A7 are (2,6;5,5)-, (2,7;5,5)-, and
(2,7;5,6)-truncations respectively;
6. operations B1 – B5 are compositions of (2,6;5,6)-,
(2,7;5,5)-, and (2,7;5,6)-truncations.
Proof The statement 1. is a part of Theorem 9.
To prove the statement 2. take an IPR-fullene P. Con-
sider 3 cases.
Case 1. P has an edge intersecting by vertices two pen-
tagons. Since P has no 3- and 4-belts, it contains the patch
on Fig. 18 a). Then Fig. 18 b)–c) show how this patch can
be reduced by straightening along edges. Then composition
of the inverse operations gives operation B1.
Case 2. P has no edge intersecting two pentagons, but
has a hexagon adjacent to two pentagons by opposite edges.
The absence of 3- and 4-belts, and the structure of 5-belts
given by Theorem 7 implies that P contains the patch on
a) b)
c)d)
Fig. 19 a) A patch on the fullerene; b)-d) it’s reduction
Fu Fv
Fw
Fu Fv
Fw
a) b)
Fig. 20 a) A patch on the polytope in F IPR1 , b) it’s reduction
a) b) c)
Fig. 21 a) A patch on the polytope in F IPR1 , b)-c) it’s reductions
Fig. 19 a). Then Fig. 19 b)-d) show how this patch can be
reduced by straightening along edges. Then composition of
the inverse operations gives operation B3.
Case 3. P has no hexagons adjacent to two pentagons.
Then any pentagon is surrounded by a belt of hexagons in-
tersecting no other pentagons. Then any straightening along
common edge of a pentagon and a hexagon gives a polytope
in F IPR1 such that P is obtained from it by operation A6,
which is a (2,7;5,5)-truncation.
Now consider a polytope P ∈ F IPR1 and a pentagon ad-
jacent to the heptagon, as drawn on Fig. 20 a). Straightening
the edge we obtain Fig. 20 b). Then P is obtained from the
resulting polytope Q by operation A7. The polytope Q does
not belong to F IRP1 if and only if one of the facets Fu, Fv, or
Fw is a pentagon. If Fu us a pentagon, then since P has no 3-
and 4-belts, we obtain the patch drawn on Fig. 21 a). Apply-
ing the straightenings as drawn on Fig. 21 b)–c), we obtain a
fullerene Q such that P is obtained from Q by operation B2.
If Fv is a pentagon, then since P has no 3- and 4-belts, we
obtain the fragment drawn on Fig. 22 a). It is a patch if and
Finite sets of operations sufficient to construct any fullerene from C20 9
a) b)
d) c)
Fi
Fi
Fi
Fi
Fj Fj
FjFj
Fig. 22 a) A patch on the polytope in F IPR1 , b)-d) it’s reductions
a) b)
Fj
c)d)
Fi
Fi Fi
Fi
Fj Fj
FjFj
Fig. 23 a) A patch on the polytope in F IPR1 , b)-d) it’s reductions
only if Fi∩Fj =∅. Applying the straightenings as drawn on
Fig. 22 b)–d), we obtain a fullerene Q. Theorem 7 implies
that Fi∩Fj =∅; hence the same if true for P. Thus, we have
a patch, and the polytope P is obtained from Q by operation
B4.
If Fv is a hexagon and Fw is a pentagon, then since P
has no 3- and 4-belts, we obtain the fragment drawn on Fig.
23 a). It is a patch if and only if Fi ∩ Fj = ∅. Applying
the straightenings as drawn on Fig. 23 b)–d), we obtain a
fullerene Q. Theorem 7 implies that Fi∩Fj =∅ in Q; hence
the same if true for P. Thus, we have a patch, and the poly-
tope P is obtained from Q by operation B5. This finishes the
proof. ⊓⊔
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